Generative adversarial networks (GANs) can implicitly learn rich distributions over images, audio, and data which are hard to model with an explicit likelihood. We present a practical Bayesian formulation for unsupervised and semi-supervised learning with GANs. Within this framework, we use stochastic gradient Hamiltonian Monte Carlo to marginalize the weights of the generator and discriminator networks. The resulting approach is straightforward and obtains good performance without any standard interventions such as feature matching, or mini-batch discrimination. By exploring an expressive posterior over the parameters of the generator, the Bayesian GAN avoids mode-collapse, produces interpretable and diverse candidate samples, and provides state-of-the-art quantitative results for semi-supervised learning on benchmarks including SVHN, CelebA, and CIFAR-10, outperforming DCGAN, Wasserstein GANs, and DCGAN ensembles.
Introduction
Learning a good generative model for high-dimensional natural signals, such as images, video and audio has long been one of the key milestones of machine learning. Powered by the learning capabilities of deep neural networks, generative adversarial networks (GANs) (Goodfellow et al., 2014) and variational autoencoders (Kingma and Welling, 2013) have brought the field closer to attaining this goal.
GANs transform white noise through a deep neural network to generate candidate samples from a data distribution. A discriminator learns, in a supervised manner, how to tune its parameters so as to correctly classify whether a given sample has come from the generator or the true data distribution. Meanwhile, the generator updates its parameters so as to fool the discriminator. As long as the generator has sufficient capacity, it can approximate the CDF inverse-CDF composition required to sample from a data distribution of interest. Since convolutional neural networks by design provide reasonable metrics over images (unlike, for instance, Gaussian likelihoods), GANs using convolutional neural networks can in turn provide a compelling implicit distribution over images.
Although GANs have been highly impactful, their learning objective can lead to mode collapse, where the generator simply memorizes a few training examples to fool the dis-criminator. This pathology is reminiscent of maximum likelihood density estimation with Gaussian mixtures: by collapsing the variance of each component we achieve infinite likelihood and memorize the dataset, which is not useful for a generalizable density estimate. Moreover, a large degree of intervention is required to stabilize GAN training, including feature matching, label smoothing, and mini-batch discrimination (Radford et al., 2015; Salimans et al., 2016) . To help alleviate these practical difficulties, recent work has focused on replacing the Jensen-Shannon divergence implicit in standard GAN training with alternative metrics, such as f-divergences (Nowozin et al., 2016) or Wasserstein divergences (Arjovsky et al., 2017) . Much of this work is analogous to introducing various regularizers for maximum likelihood density estimation. But just as it can be difficult to choose the right regularizer, it can also be difficult to decide which divergence we wish to use for GAN training.
It is our contention that GANs can be improved by fully probabilistic inference. Indeed, a posterior distribution over the parameters of the generator could be broad and highly multimodal. GAN training, which is based on mini-max optimization, always estimates this whole posterior distribution over the network weights as a point mass centred on a single mode. Thus even if the generator does not memorize training examples, we would expect samples from the generator to be overly compact relative to samples from the data distribution. Moreover, each mode in the posterior over the network weights could correspond to wildly different generators, each with their own meaningful interpretations. By fully representing the posterior distribution over the parameters of both the generator and discriminator, we can more accurately model the true data distribution. The inferred data distribution can then be used for accurate and highly data-efficient semi-supervised learning.
In this paper, we present a simple Bayesian formulation for end-to-end unsupervised and semi-supervised learning with generative adversarial networks. Within this framework, we marginalize the posteriors over the weights of the generator and discriminator using stochastic gradient Hamiltonian Monte Carlo. We interpret data samples from the generator, showing exploration across several distinct modes in the generator weights. We also show data and iteration efficient learning of the true distribution. We also demonstrate state of the art semi-supervised learning performance on several benchmarks, including SVHN, MNIST, CIFAR-10, and CelebA. The simplicity of the proposed approach is one of its greatest strengths: inference is straightforward, interpretable, and stable. Indeed all of the experimental results were obtained without feature matching, normalization, or any ad-hoc techniques. And we will make code publicly available.
Bayesian GANs
Given a dataset D = {x (i) } of variables x (i) ∼ p data (x (i) ), we wish to estimate p data (x). We transform white noise z ∼ p(z) through a generator G(z; θ g ), parametrized by θ g , to produce candidate samples from the data distribution. We use a discriminator D(x, θ d ), parametrized by θ d , to output the probability that any x comes from the data distribution.
Our considerations hold for general D and G, but in practice G and D are often neural networks with weight vectors θ g and θ d .
By placing distributions over θ g and θ d , we induce distributions over an uncountably infinite space of generators and discriminators, corresponding to every possible setting of these weight vectors. The generator now represents a distribution over distributions of data. Sampling from the induced prior distribution over data instances proceeds as follows:
. For posterior inference, we propose unsupervised and semi-supervised formulations in Sections 2.1 -2.2.
We note that in an exciting recent pre-print Tran et al. (2017) briefly mention using a variational approach to marginalize weights in a GAN, as part of a general exposition on hierarchical implicit models (see also Karaletsos (2016) for a nice theoretical exploration of related topics in graphical model message passing). While promising, our approach has several key differences: (1) we use sampling to explore a full posterior over the weights, whereas Tran et al. (2017) perform a variational approximation centred on one of the modes of this posterior (and due to the properties of the KL divergence is prone to an overly compact representation of even that mode); (2) we marginalize z in addition to θ g , θ d ; and (3) our representation for the posteriors is straightforward, requires no interventions, provides novel formulations for unsupervised and semi-supervised learning, and has state of the art results on many benchmarks. Conversely, Tran et al. (2017) is only pursued for fully supervised learning on a few small datasets. And their ratio estimation approach limits the size of the neural networks they can use (Tran et al., 2017) , whereas in our experiments we can use comparably deep networks to maximum likelihood approaches. In the experiments we illustrate the practical value of our formulation.
Although the high level concept of a Bayesian GAN has been informally mentioned in various contexts, to the best of our knowledge we present the first detailed treatment of Bayesian GANs, with sampling based inference, and rigorous unsupervised and semisupervised experiments.
Unsupervised Learning
To infer posteriors over θ g , θ d , we can iteratively sample from the following conditional posteriors:
p(θ g |α g ) and p(θ d |α d ) are priors over the parameters of the generator and discriminator, with hyperparameters α g and α d , respectively. n d and n g are the numbers of mini-batch samples for the discriminator and generator, respectively. We define
We can intuitively understand this formulation starting from the generative process for data samples. Suppose we were to sample weights θ g from the prior p(θ g |α g ), and then condition on this sample of the weights to form a particular generative neural network. We then sample white noise z from p(z), and transform this noise through the network G(z; θ g ) to generate candidate data samples. The discriminator, conditioned on its weights θ d , outputs a probability that these candidate samples came from the data distribution. Eq. (1) says that if the discriminator outputs high probabilities, then the posterior p(θ g |z, θ d ) will increase in a neighbourhood of the sampled setting of θ g (and hence decrease for other settings). For the posterior over the discriminator weights θ d , the first two terms of Eq. (2) form a discriminative classification likelihood, labelling samples from the actual data versus the generator as belonging to separate classes. And the last term is the prior on θ d .
. This specific setup has several nice features for Monte Carlo integration. First, p(z) is a white noise distribution from which we can take efficient and exact samples. Secondly, both p(θ g |z, θ d ) and p(θ d |z, X, θ g ), when viewed as a function of z, should be reasonably broad over z by construction, since z is used to produce candidate data samples in the generative procedure. Thus each term in the simple Monte Carlo sum typically makes a reasonable contribution to the total marginal posterior estimates. We do note, however, that the approximation will typically be worse for p(θ d |θ g ) due to the conditioning on a minibatch of data in Equation 2.
By iteratively sampling from p(θ g |θ d ) and p(θ d |θ g ) at every step of an epoch one can, in the limit, obtain samples from the approximate posteriors over θ g and θ d . Having such samples can be very useful in practice. Indeed, one can use different samples for θ g to alleviate GAN collapse and generate data samples with an appropriate level of entropy. The samples for θ d in turn form a committee of discriminators which amplifies the overall adversarial signal, thereby further improving the unsupervised learning process. Arguably, the most rigorous method to assess the utility of these posterior samples is to examine their effect on semi-supervised learning, which is a focus of our experiments in Section 4.
Semi-supervised Learning
We extend the proposed probabilistic GAN formalism to semi-supervised learning. In the semi-supervised setting for K-class classification, we have access to a set of n unla-belled observations, {x (i) }, as well as a (typically much smaller) set of n s observations,
, with class labels y (i) s ∈ {1, . . . , K}. Our goal is to jointly learn statistical structure from both the unlabelled and labelled examples, in order to make much better predictions of class labels for new test examples x * than if we only had access to the labelled training inputs.
In this context, we redefine the discriminator such that D(x (i) = y (i) ; θ d ) gives the probability that sample x (i) belongs to class y (i) . We reserve the class label 0 to indicate that a data sample is the output of the generator. We then infer the posterior over the weights as follows:
During every iteration we use n g samples from the generator, n d unlabeled samples, and all of the n s labeled samples, where typically n s n. As in Section 2.1, we can approximately marginalize z using simple Monte Carlo sampling.
Much like in the unsupervised learning case, we can marginalize the posteriors over θ g and θ d . To compute the predictive distribution for a class label y * at a test input x * we use a model average over all collected samples with respect to the posterior over θ d :
We will see that this model average is effective for boosting semi-supervised learning performance. In Section 3 we present an approach to MCMC sampling from the posteriors over θ g and θ d .
Posterior Sampling with Stochastic Gradient HMC
In the Bayesian GAN, we wish to marginalize the posterior distributions over the generator and discriminator weights, given for unsupervised learning in 2.1 and semi-supervised learning in 2.2. For this purpose, we use Stochastic Gradient Hamiltonian Monte Carlo (SGHMC) (Chen et al., 2014) for posterior sampling. The reason for this choice is threefold: (1) SGHMC is very closely related to momentum-based SGD, which we know empirically works well for GAN training; (2) we can import parameter settings (such as learning rates and momentum terms) from SGD directly into SGHMC; and most importantly, (3) many of the practical benefits of a Bayesian approach to GAN inference come from exploring a rich multimodal distribution over the weights θ g of the generator, which is enabled by SGHMC, in order to fully capture the complexity and entropy of the data distribution. Alternatives, such as variational approximations, will typically centre their mass around a single mode, and thus provide a compact representation for the distribution, as well as a compact representation for that single mode, due to asymmetric biases of the KL-divergence.
The posteriors in Equations 4 and 5 are both amenable in general to HMC techniques as we can compute the gradients of the loss with respect to the parameters we are sampling. SGHMC extends HMC to the case where we use noisy estimates of such gradients in a manner which guarantees mixing in the limit of a large number of minibatches. For a detailed review of SGHMC, please see Chen et al. (2014) . Using the update rules from Eq. (15) in Chen et al. (2014) , we propose to sample from the posteriors over the generator and discriminator weights as in Algorithm 1.
Experiments
We evaluate our proposed Bayesian GAN (henceforth titled BayesGAN) on six benchmarks (synthetic, MNIST, CIFAR-10, SVHN, and CelebA) each with four different numbers of labelled examples. We consider multiple alternatives, including: the DCGAN (Radford et al., 2015) , the recent Wasserstein GAN (W-DCGAN), an ensemble of ten DCGANs (DCGAN-10) which are formed by 10 random subsets 80% the size of the training set, and a fully supervised convolutional neural network. We also compare to the reported MNIST result for the LFVI-GAN, briefly mentioned in a recent pre-print (Tran et al., 2017) , where they use fully supervised modelling on the whole dataset with a variational approximation. We interpret many of the results from MNIST in detail in Section 4.2, and find that these observations carry forward to our CIFAR-10, SVHN, and CelebA experiments.
We ran the synthetic data experiment with a 2-layer fully-connected GAN for both the generator and discriminator. For the Bayesian GAN over synthetic data we place a N (0, I) on all weights and approximately integrate out z using J = 100 Monte-Carlo samples. We ran all other experiments with a 5-layer Bayesian deconvolutional GAN (BayesGAN) for the generative model G(z|θ g ) (see Radford et al. (2015) for further details about structure). The corresponding discriminator is a 5-layer 2-class DCGAN for the unsupervised GAN and a 5-layer, K+1 class DCGAN for a semi-supervised GAN performing classification over K classes. The connectivity structure of the unsupervised and semi-supervised DCGANs were the same as for the BayesGAN. The networks we use are slightly different from Salimans et al. (2016) (e.g. we have 4 hidden layers and fewer filters per layer) so the results are also slightly different. All experiments were performed on a single TitanX GPU for consistency.
In all non-synthetic experiments we set J = 20 and M = 1. For the Bayesian GAN we place a N (0, 10I) prior on both the generator and discriminator weights and approximately integrate out z using J Monte-Carlo samples. We run Algorithm 1 for 5000 iterations and then collect weight samples every 1000 iterations and record out-of-sample predictive Algorithm 1 One iteration of sampling for the Bayesian GAN. α is the friction term for SGHMC, η is the learning rate. We assume that the stochastic gradient discretization noise termβ is dominated by the main friction term (this assumption constrains us to use small step sizes). Let the number of simple MC samples be J and the number of SGHMC samples be M .
• Represent current posteriors with sample sets {θ k g } JM k=1 and {θ k d } JM k=1 from previous iteration for number of MC iterations J do
• Sample minibatch of n g noise samples {z (1) , . . . , z (ng) } from noise prior p(z).
• Update sample set representing p(θ g |θ d , z) by running SGHMC updates for M iterations:
• Append θ k g to sample set. end for for number of MC iterations J do
• Sample minibatch of n d noise samples {z (1) , . . . , z (n d ) } from noise prior p(z).
• Sample minibatch of n d data samples {x (1) , . . . , x (n d ) } • Update sample set representing p(θ d |z, θ g ) by running SGHMC updates for M iterations:
+ n
• Append θ k d to sample set. end for accuracy using Bayesian model averaging (see Eq. 6). Figure 4 contains plots of accuracy per-epoch.
In Table 1 we summarize the semi-supervised results, where we see consistently improved performance over the alternatives. All runs are averaged over 10 random subsets of labeled examples. This gives us 10 different semi-supervised datasets, which in turn allows estimating error bars on performance (in Table 1 we show mean and 2 standard deviations). We also qualitatively illustrate the ability for the Bayesian GAN to produce complementary sets of data samples, corresponding to different representations of the generator produced by sampling from the posterior over the generator weights (Figures 1, 2, 3) . We emphasize that all of the alternatives required the special techniques described in Salimans et al. (2016) such as mini-batch discrimination and feature normalization, whereas for the results of the proposed Bayesian GAN we used none of these techniques.
Synthetic Dataset
We first present experiments on a multi-modal synthetic dataset as a sanity check of the basic ability to infer a multi-modal posterior p(θ g |D). This ability not only helps avoid the collapse of the generator to a couple training examples, an instance of overfitting in regular GAN training, but also allows us to explore a set of generators with different complementary properties, harmonizing together to encapsulate a rich data distribution. We generate D-dimensional synthetic data as follows:
We then fit both a regular GAN and a Bayesian GAN to such a dataset with D = 100 and d = 2. The generator for both models is a two-layer neural network: 10-1000-100, fully connected, with ReLU activations. We set the dimensionality of z to be 10 in order for the regular GAN to converge (it does not converge when d = 2, despite the inherent dimensionality being 2!). Consistently, the discriminator network has the following structure: 100-1000-1, fully-connected, ReLU activations. Figure 1 shows that the Bayesian GAN does a much better job qualitatively in generating samples (for which we show the first two principal components), and quantitatively in terms of Jensen-Shannon divergence to the true distribution. We also see, with multidimensional scaling (Borg and Groenen, 2005) , that samples from the posterior over generator weights clearly form multiple distinct clusters, indicating that the SGHMC sampling is exploring multiple distinct modes.
MNIST
MNIST is a well-understood benchmark dataset for assessing new machine learning models. It consists of 60k (50k train, 10k test) labeled images of hand-written digits. Salimans et al. (2016) showed excellent out-of-sample performance using only a small number of labeled inputs, convincingly demonstrating the importance of good generative modelling for semi-supervised learning. Here, we follow their experimental setup for MNIST.
We evaluate the Bayesian DCGAN for semi-supervised learning using n s = {20, 50, 100, 200}. We see in Table 1 that the Bayesian GAN has improved accuracy over the DCGAN, the Wasserstein GAN, and even an ensemble of 10 DCGANs! It is quite remarkable that one is able to achieve almost the same level of performance with 100 labelled examples as a fully supervised method using the whole dataset of n = 60, 000 samples. For comparison we also show a fully supervised model using n s samples to generally highlight the practical utility of semi-supervised learning. Moreover, Tran et al. (2017) showed that a fully supervised LFVI-GAN, on the whole MNIST training set (≈ 60, 000 labelled examples) produces 140 classification errors -almost twice the error of our proposed Bayesian GAN approach using only n s = 100 (≈ 0.0002%) labelled examples! We suspect this difference The data is inherently 2-dimensional so PCA can explain most of the variance using 2 principal components. It is clear that the Bayesian GAN is capturing all the modes in the data whereas the regular GAN is unable to do so. Right: (Top 2) Jensen-Shannon divergence between p data (x) and p(x; θ) as a function of the number of iterations of GAN training for D = 100 (top) and D = 500 (bottom). The divergence is computed using kernel density estimates of large sample datasets drawn from p data (x) and p(x; θ), after applying dimensionality reduction to 2D (the inherent dimensionality of the data). In both cases, the Bayesian GAN is far more effective at minimizing the Jensen-Shannon divergence, reaching convergence towards the true distribution, by exploring a full distribution over generator weights, which is not possible with a maximum likelihood GAN (no matter how many iterations). (Bottom) The sample set {θ k g } after convergence viewed in 2D using Multidimensional Scaling (using Euclidean distance metric between weight samples) (Borg and Groenen, 2005) . One can clearly see several clusters, meaning that the SGHMC sampling has discovered pronounced modes in the posterior over the weights.
largely comes from (1) the simple practical formulation of the Bayesian GAN in Section 2, (2) marginalizing z via simple Monte Carlo, and (3) exploring a broad multimodal posterior distribution over the generator weights with SGHMC with our approach versus a variational approximation (prone to over-compact representations) centred on a single mode.
We can also see qualitative differences in the unsupervised data samples from our Bayesian DCGAN and the standard DCGAN in Figure 2 . The top row shows sample images produced from six generators produced from six samples over the posterior of the generator weights, and the bottom row shows sample data images from a DCGAN. We can see that each of the six panels in the top row have qualitative differences, almost as if a different person were writing the digits in each panel. Panel 1 (top left), for example, is quite crisp, while panel 3 is fairly thick, and panel 6 (top right) has thin and fainter strokes. By contrast, all of the data samples on the bottom row from the DCGAN are homogenous. In effect, each posterior weight sample in the Bayesian GAN corresponds to a different style, while in the standard DCGAN the style is fixed.
Practically speaking, we stress that for convergence of the maximum-likelihood DCGAN we had to resort to using tricks including minibatch discrimination, feature normalization and the addition of Gaussian noise to each layer of the discriminator. The Bayesian DCGAN needed none of these tricks. This robustness arises from a Gaussian prior over the weights which provides a useful inductive bias, and due to the MCMC sampling procedure which alleviates the risk of collapse and helps explore multiple modes (and uncertainty within each mode). To be balanced, we also stress that in practice the risk of collapse is not fully eliminated -indeed, some samples from p(θ g |D) still produce generators that create data samples with too little entropy. In practice, sampling is not immune to becoming trapped in sharply peaked modes. We leave further analysis for future work. 
CIFAR-10
CIFAR-10 is also a popular benchmark dataset (Krizhevsky et al., 2010) , with 50k training and 10k test images. It is harder to model due the data being 32x32 RGB images of real objects. Figure 3 shows datasets produced from four different generators corresponding to samples from the posterior over the generator weights. As with MNIST, we see meaningful qualitative variation between the panels. In Table 1 we also see again (but on this more challenging dataset) that using Bayesian GANs as a generative model within the semi-supervised learning setup significantly decreases test set error over the alternatives, especially when n s n. 
Discussion
By exploring rich multimodal distributions over the weight parameters of the generator, the Bayesian GAN can capture a diverse set of complementary and interpretable representations of data. We have shown that such representations can enable state of the art performance on semi-supervised problems, using a simple inference procedure. Figure 4 : Test accuracy as a function of iteration number. We can see that after about 1000 SG-HMC iterations, the sampler is mixing reasonably well. We also see that per iteration the SG-HMC sampler is learning the data distribution more efficiently than the alternatives.
Effective semi-supervised learning of natural high dimensional data is crucial for reducing the dependency of deep learning on large labelled datasets. Often labeling data is not an option, or it comes at a high cost -be it through human labour or through expensive instrumentation (such as LIDAR for autonomous driving). Moreover, semi-supervised learning provides a practical and quantifiable mechanism to benchmark the many recent advances in unsupervised learning.
In the future, one could estimate the marginal likelihood of a probabilistic GAN, having integrated away distributions over the parameters. The marginal likelihood provides a natural utility function for automatically learning hyperparameters, and for performing model comparison between different GAN architectures. One could also investigate a variety of divergence measures (such as the family of α-divergences) for deterministic approximate inference, to promote entropy in samples. It would also be interesting to consider the Bayesian GAN in conjunction with a non-parametric Bayesian deep learning framework, such as deep kernel learning (Wilson et al., 2016a,b) . We hope that our work will help inspire continued exploration into Bayesian deep learning. 
